
Minimal Model Program

Learning Seminar
.

Week 6 :

• Relative versions ,

• How to run the MMP ,

• Surface lilt singularities .



Theorem ( Relative cone theorem ) : Let X Es Z be

a projective contraction of alg war over IITs IFI = IIE & char CIE) -0 .

-
-

(Xia) htt pair . Then : ↳ excellent Q - scheme
.

mixed Cher
Jim E3 .

CH There are countably many
C
; EX sit ECC; ) - pt , Os - Ckxta) . C, < zdimx

and NFCXIZ ) = NICXIZIcm.ie , so t Ii Rao [Col .

G) For
any

Ezo and 6- ample H
,

Nt CXIZ ) = NI CXIZ ) as> + ateneo t
g
?÷ Rao [Cil

.

(3) Let FENTECXIZ ) be a Ckxta) - neg
extremal face .

Conte
Then there is a unique contraction X→ Y et.

• Lz/et
CEX is a mapped to a pontiff EG e F .

(4) Conte : X → Y as in (31 . L is a line bundle on X

s.TL. C - o for every curve C with Tae F .

Then there exists Lx a line bundle on T with

L e cont 'T. Lt
.

^

wel
say

that L descends to Y.

Remark . So far everything is
"

formal
"

consequence of Kodaira vanishing & resolution
.

- -



Some recent work :

Bhatt & Lorre proved a version of Riemann - Hilbert correspondence
in positive char.

Bhatt proved the Cohen - Macaulayness of the integral closure of an
excellent Noetherian domain

Using the above the techniques contained above the MMP has been

recently generalized in two different directions :

I
.

- In dimension three in mixed chariot cover spec
'211

.

Bhatt - Ma - Patarrfslxi - Schwede - Tower - Waldron - Wilczek 2021
.

2. - In characteroobrc
zero

"motu of the MMP works over

an excellent Q - schenn .

#

Horsyarm - Lyu 2021



Why HMP relative over base ?

MMP to study families of algebraic varieties .

Xg projective smooth Kx is ample over ① *.

Compactly ( arbitrary central fiber , maybe not normal .

* It

Log resolution ( many components, Kx not ample over G)

I
Run HMP over the base

.

X- I
so that HE is net over the base

I 1 &

⑥ *- ① .

the singularities of Io are slc .

£ means -

normalization is k
&

nodal sing
at cod one points -



MMP to study singularities .

2- E Z a log resolution X e→ =L .

Ed (ka ) - KxtI

Perturb coefficients of ↳ : • If SI , you can decrease to I

• If so , you can increase them Ezo
.

Obtain a new boundary B
.

Run a MMP for KXTB over Z
, you

obtain a

partial resolution of singularities which has the orgukwbres
of the minimal motel program.

Remark : By studying the exceptional divisors of the

previous partial resolution & the
org of

the MMP.

You can contestant the singularities of 2- az .



Flipping contractions & flips :

Definition : X↳ W is a flipping contraction
. for (Xia) Kl 't it

10¥12.gl/pCXlWl--I , 9 is a small birational contr . , and

-Chea) is ample over W .

E
( You can have small morphisms with highp )

Remark : W is never Q - factorial .
Kw is not Q- Carlsen .

Definition : Let X -6> W be a flipping contraction
. for Hal.

2

We say
that X -

'
- → X ' is a flip if it is a small

birational map , Kxtthlt is On - Carlier Cat - r *I)

There is a prog morphism Eti Xt→ W so that

Kxt tat is ample over W .

Lemma Ii fi X - - → Y small birational map between

normal var .

DE Wfrv CX )
.

Then

Ho ( Ox CDD e Hoc + Cf * D)) .

X Xtpicture of flip :

y -
"

- → f
] / ( Axt - positive comes

Kx - neg curves .

g g y et

• ht



Lemma 2 : Let X E- W be a flipping cont
. for CX.at .

Let X -E> Xt be a flop . Then pcx ) = pcxt )

2nd Xt is Q - factorial . . Moreover
, PCXIW ) -- pcxtlw ) es .

Proof : Dt on Xt , D on X the push - forward .

Find r such that R - (Dtr Ckx ta)) so.

Here Rio the extremal ray tefrny the flipping contraction .

We know X is Oh - factorial . Hence

m (Ot r Ckx td ) ) is Cartier for m → o .

M (Dtr Ckx ta)) n @*(Dw ) for some Dw Cartier
.

MDT = mte*Dn lets * Dw - Cmr ) (kxt tat)
- -

Cartner Cartier

X -Es Xt y
es ret

N Cartner.

For equality of P , we prove
that text intro an isomorphism

between Heil divisors motto ~ . D
-



ELemma 3: X → Y a projective contraction between

normal varieties with PCXIT ) -I . and - Kx ample over Y.

Assume that Jim (Excel ) = dm 'd - t . Then E contracts

a unique prime
theirs E .

Remark : We call such E a divisional contraction
.

Proof :
Let's

say
there are two diwans Ea & Ez

.

We can find G- covering
Ei with Ci . Ei co .

We can find or so that Eat at a ⇐ T.no .

" l numerically toned

claim : that a is posrbnee . E over
e

Homme Cs does not int Ez
,

Cs . CEI ta Ez ) = G - E, so , pick C. general inside E ,

we may assume Ez
. Ciao .

Hence
.

Ce . Er too Ez .
C ,
- o so q-e-G.EC so .

Ez - G

E is an effective divisor which is contracted so it must be

covered by E - negative curves .

We conclude that Es must be the only component µ .



Proposition . Let E :X→ W be a flipping contraction .

for (Xia ) htt . The flip exists off

⑤mao
E * Ox (mChhota ))

is a fog . Ow - algebra . If this is the case ,
then

Xt := Prog (⑤mao
E * Ox (marital) )

.

W

Proof i Assume X - E - ' Xt
.
R is small .

Ef yet
w

④
mao
Ka Cmlkxtd )) - Omt

.

p:a lmlkxt tat ) )

by Lemma L
.

Moreover Nxt tat is ample over W .

Hence , Prog
w# e'I 0×+lmlkxttatµ- Xt.

Assume ft & Ox (marxta) ) is fg Ow - algebra

and define Xt= Pro; C )
.

X -E -s Xt is an room in cod one X -

it could happen that there exists E Ext at RIE is not - die.



X I W is an isomorphism over X 'sExcel .

most the Oxlmlkxt a )) in gout sum of copies

of the structure sheet on Xl Excel .

Hence Xt - E-
'

→ X is an isomorphism over Xl Excel.
or

E

16 E is a mapped to a higher
Gt f

, cos ,m cycle by et -

W

East 0×+61 = 4*0×1mckx ta) ) - Ow (mlkwt 9*4 ))

for some m > o . Since E is exc oyer W , we have

Uw Ctm ( Kurt 9*4 )) = et O* CH E Eta Chatti CE 't .

=

We have a natural inclusion →e-

YI Cha HICE ) - Ow ltmckwt 8*4))

No contracted division by Et . Thus , te is smell
.

By Lemma 2
. pcxlw ) = pcxtlw ) - s . I



Finitegeneration of the canonical mg
:

Conj : Let X Is Z prog morphism CX , a) alt .

Then ④ mso Ex Ox CmCkx ta)) is a f -g OE - algebra .

Rink : X smooth
prog variety , not HEX , Oxcmkx ))

is finitely generated over IT
.

( is a part case of conj ) .

How to run the MMP : X,
to be a - factorial .

I
.

- (Xo ,di ) Rtt pair , Xi → Z prog morph .

If kxi tai net over Z . then we stop and call this

2 minimal motel over Z.

If kxi tar is not nef over =L
, we consider an extremal

ray R in NFCXIIZ ) which is lkxit Ii ) - neg .

-2
.

- Let Xi → W be the contraction defined by R .

2) Jim Wr ) edimlxil , - kxi ample over W and the

general fiber htt . Hence
,
the general fiber is Ht Fano

.

In this case we stop and call this a Mon fiber space .



I

f
b) Jim X - JimWi and X → W contain a Suroor

in its exc hour . By Lemma 3 this is a divisional contraction

W is Q - factorial , PCWIZ ) = PCXIZJ - I .

We denote Xiti : - W d ↳ in f- * Cdi ) .

Return to step L
.

Remark : Using ng Lemme
, we can prove

(Xin
.
Arm )

is KIT .

c) Jim CX) - Jim Cw ) and X → W smh brr map .

N"

We find the flip X -E> Xt and define

Xin = Xt and Dita = Ralli .

By Lemma 2 & ng
lemons

,
Xin is Q - fact provided

that Xi is Q - factorial and pcxilz ) - pcxitrlzl .
Return to step I.

Possible outcomes : Minimal Model
or Mori fiber space

Abundance µ ( NFS ) .

Canonical Model



Singularities when
running

the MMP :

Proposition : Let CX.LY be a log canonical pair
( resp . htt , canonical , terminal ) . Let (Xia ) - E -s (X

'

,d
' )

be a step of the Ckxta ) - MMP . Then CX' .at is

log canonical Crespi Klf , canonical, terminal ) .

Let E be a prime
tower over X whose center is contained

in Excel
.
Then

, we have an inequality X -E - s Xt

AE ( X
'

, d
' ) > ere CX , Ll) . EY

, let
W
'

Ihop

Proof : Let pi Y- X be a log resolution of CX.LY

which dominates X' . Let q :-c
→ X

'

be the

corresponding projective birational morphism .

Write p
* Ckx ta ) -

of
* Ckx ' ta 't t Fi - E

,

where Fe & Fa are effective with truant support .
The divisor Fi - Fz is q

- exceptional ,

by the projection formula it is anti - net over X
'
.



Since the push - forward of Fi - Fz to X
'

is eff ,

we conclude that Fz - o , so the first statement

holds
.
Indeed

, for any
EET

prime we have :

OCECX
'

ca ) = RE (Xd ) t coeff E Cfe )
CH

z AE (Xia ) .

Now , we want to prove that if Cx CEI E Ex Ctu .

then us is strict . Equivalently that EE soppcfsl . .
Note that Cx' CE ) e- Ex Cr-H . Applying the 2nd part
of negativity Lemma we get that either

is E E Sopp Cfe ) , or

its E N Supp Cfa ) -f .

Take CE Y and mapping
to a point in X

'

so that

E. C so . Hence we conclude that

p
- ( Kx t d ) . C so

This leads to a contradiction because -PMKita) is net over Wj
.



Surface singularities of the MMP :

Theorem : The following statements
hold :

I
.

Ca E X ) is a surface belt singularity ⇐
be ex ) is the quotient of Coe Q2 ) by a finite subgroup of
Gla CIG ) .

2 . Ca C-X ) a canonical surface singularity #
Gcex) is the quotient of Loe Q2 ) by a finite subgroup of

512cal
.

.

3 . Ca EX ) is terminal surface my Les
x is a smooth point X

Idea : Kx io Q - Cartier
,
we can take its index one cover.

te

G- a Y- X X- TIG .

finite Galois
quasi

- e-the

Hy is a Cartner Trevor
, Y is again

KIT and since Ky

is Cartner its log discrepancies are in
'
Z so so is canonical



Du Val singularities :

Theorem : Let ocex be a canonical surface song .

Then KEX has embedby dimension three
.

Moreover , op
to

analytic change of coordinates
,
the following is a complete list of

the possible singularities .

:

A : An ( n >o ) has
eg x

't
y
't 2-

ht '
- o and dual graph

o_O-o
- o - - - →

. th Werther

Di Dn Cnn) has
eg X2ty2z t zh

- '
⇒ and tool graph

0-0-0 . -

-40-0 n - yeah.co .

E : Eo : alt y't 2-9=0 o_O
-90-0-0

Ez : x3tY3tyz
'
-0 o_O

-0-09-0-0

Es : get y't £5 - o o_O
-0-0%-0-0

.

Idea of the proof : Stoy tool graph of the resolution & use

N. preparation theorem to write down the
ego

.


